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Abstract. New equations are derived to estimate thek®, then d; = dy + dy. The distanced; is not known
number of amino acid substitutions per site between twavhen two sequencesandj are given and needs to be
homologous proteins from the root mean square (RMSkstimated. This estimation depends on the evolutionary
deviation between two spatial structures and from themodel of sequence change.
fraction of identical residues between two sequences. In contrast, the fraction of sitgs; occupied by dif-
The equations are based on evolutionary models, analyZerent residues in two sequendeandj is easy to calcu-
ing predominantly structural changes and not sequenckate, but because of possible back substitutignis not
changes. Evolution of spatial structure is treated as additive:p; < py + py- If dj is small, thend; = p;.
diffusion in an elastic force field. Diffusion accounts for ~ Additivity of distances is widely used for evolution
structural changes caused by amino acid substitutiondree construction (Saitou 1988; Kishino et al. 1990;
and elastic force reflects selection, which preserves proRzhetsky and Nei 1992; Yang 1993, 1994; Tateno et al.
tein fold. Obtained equations are supported by analysid994). Thus a variety of models to estimate distadce
of protein spatial structures. from the fraction of different residues; are proposed
(Zuckerkandl and Pauling 1965; Dayhoff et al. 1972,
Key words: Protein structure — RMS deviation — 1978; Uzzel and Corbin, 1971; Holmquist et al. 1983;
Molecular evolution — Evolutionary distance — Substi- Wilbur 1985; Barry and Hartigan 1987; Ota and Nei
tution rates 1994; Zharkikh 1994; Tajima and Takezaki 1994;
Grishin 1995). Analysis of alignments (Dayhoff et al.
1978) used for estimation of relation between distafijce
and fraction of identical residueg; = 1 - p; misses
Introduction some back substitutions for the case of lower similarity
between sequences. This analysis underestimates dis-
tances. A different and independent method allowing for
The evolutionary distancd; between two homologous a relationship betweed; andg; should be of a value.
protein sequencésand] is equal to the number of amino Such a method is presented here.
acid substitutions per site occurring in these sequences The conservation of protein spatial structure corre-
since their divergence from a common ancestor. Thdates with sequence conservation. The correlation be-
evolutionary distance is an additive characteristic. Fotween RMS (root mean square) deviation i &om
example, if sequencesindj originate from the sequence coordinates\; and fraction of identical residueg was

Abbreviations:RMS-root mean square; definitions of symbols are as * Sequence is an ancestral sequence for sequence pkijrd, (K, j),
per Appendix 1 and , j).



360

analyzed (Chotia and Lesk 1986; Lesk and Chotia 1986; X = 3\ _, \(t)/l, \(t) is the substitution rate of the
Hubbard and Blundell 1987; Flores et al. 1993; Gutin site k at timet, and| is the number of sites in the
and Badretdinov 1994). This correlation was rationalized sequence) is time-independent;

by an empirical exponential formula (Chotia and Lesk® the distribution of relative substitution rates among
1986) and in a more sophisticated way, based on simi- sitesp(X) is time-independenp(x)dx is the fraction of
larities of substitution process with the diffusion in a  sites with relative substitution ratefrom x = M\ to
multidimensional space (Gutin and Badretdinov 1994). x = XX + d\/X, [§7p(¥)dx = 1, [3"xp(X)dx

In this article, the latter approach is developed: correc- =1).

tions are made for the upper limit of RMS deviation

between two proteins with similar fold and for correla-  tarefore the fractions of unchanged sites between

tion between residues linked in a polypeptide chain. Usy,, sequences separated dgubstitutions per site is a
ing the derived relation between evolutionary distaice | p1ace transform of the density of distribution of rela-
and RMS deviation;, and experimental data on corre- o substitution rates among sites:

lation of identity fractiong; and RMS deviationA;;

(Chotia and Lesk 1986; Hubbard and Blundell 1987, o

Flores et al. 1993)d; is estimated as a function af;. u(d) = f o p(x)e 4 dx. (1)
This estimate uses comparisons of three-dimensional

structures and evolutionary models in terms of structural
changes and thus differs methodologically from the oth-DU€ to the property of Laplace transforaf, moment of
ers (Dayhoff et al. 1978—like sequence-based modelsfhe distributionp(x) is

However, the resulting dependence is similar to those

originating from sequence comparisons (Uzzel and ) e v a¥u(d)
Corbin 1971; Holmquist et al. 1983; Grishin 1995). M= f o XPOIK= (1) — 0 )
d=0
Theory The fractionq of identical sites is
The number of sites in a protein sequence is assumed to q(d) = f+°° q(x,d)dx, (3)
0

be large. Amino acid substitutions at each site are treated

as mutually independent, finite state, continuous time,

homogeneous Markov processes (Takacs 1966). Eachkihere for the two sequences separated bybstitutions
amino acid at each site is characterized by a substitutioper site,g(x,d)dx is the fraction of identical sites with the
rate (infinitesimal transition probability) that is assumed relative subsitution rate fromto x + dx. If d = 0, then
to be constant.The substitution process is assumed to bed(x,0) = p(x). Therefore, differentiating equation (3)
at equilibrium: all probability distributions are time- with respect tad gives

independent and are the same for all sequences.

d +oo
- o | o = [T a0 =, @
Distribution of Substitution Rates Among Sites ddly_ o0 YO
The basic relations between the fractioof unchanged _. __|im _
sites (sites, at which no substitutions occurred) betweeglsél?scicb0 (da(x,0)/ ad) = ~xq(x,0) and the mean value of

two sequences, the fractianof identical sites (sites oc- . .
. . . . o If all amino acids are equally changeable, then every
cupied by identical amino acids in two sequences) and

A : amino acid at a site with a relative substitution ratis
the distribution of rates among sites are stated here. : .
SN replaced by any of the rest 19 with equal probability, and
Under the present assumptions:

g(x) = q(x,d) is the solution of differential equation

® the probability that a site with a substitution ratex

; ; ‘e AL dg(x) X
= 0 remains unchanggd over tmgt =0 is e — = xq(X) + — (p(X) = q(X))
® the number of substitutions per sités proportional to dd 19 -
timet: d = Xt, whereX is the mean substitution rate, under initial conditiong(x,0) = p(x).  (5)

Substituting the solution of (5) into Equation (3) results

2The assumptions that variations at individual sites occur indepenin the final formula

dently and that the substitution rates for sites are constant, oversimplify

the reality. However, these assumptions do not affect the derived later 19 s 20 1

rglatlon petwgen the dlstapce and Fhe RMS deviation, as soon as the q(d) I f p(X)e_ EXd dx + —. (6)
distance is directly proportional to time. 20Jo 20
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Comparison of Equations (6) and (1) yields [
> (k) = r(K)?
2 _ k=1
q(d) =;—§u( Od> - @) Ay = | : (11)

19%) 20

A difference vector between two optimally superim-

In general, when amino acids are not necessaril .. .
9 ¥ osed structures at each sités defined as

equally changeable, each sikeis characterized by a P
20 x 20 matrixX(k) of relative substitution rates with
elementsg; (k) = N (K)/A for i # j andx;(K) = —EjzflJ;&l
\;(K)/ X, where\;; (k) is a substitution rate of amino acid . .
i by amino acidj at a sitek. In the case under study, Consider the difference vectors for two structuresl of
matrix X(k) possesses 20 real nonpositive eigenvaluesesidues as realizations of a random variabler. The
£(K), one of which is zerog, = 0, and minimum of A; implies that the mean akr squared is
small in comparison with the mean Af2. Therefore, the
| 20 | vzliriance ofAr is close to RMS deviation squareﬁhz- =
- ey Sier Ar3(k)/1.
ad ;; ke ; Gkl ® For the structures of two identical proteins, all differ-
ence vectors should be close to zero. Deviations from
where ¢,(k) are functions ofX(k). Making use of Z€ro are caused by random reasons_in the.or(_jer of ex-
Equations (4) and (8), we find thatqddd| o = p_enmental errors (qgar_ltum mechan|c§ limitations, re-
S5 ¢ (K)E (K1 = -1. If d = 0, thenq = S, 52, fmementl, resolution |I'mItS, crystal 'packlng, etc., we do
c(®/I=1.1fd - o theng — S\, ¢,(K)/I = q... There- not consider substantial confqrm'atlo'nal changes) and are
fore, approximating the double sum in Equation (8) by angxpected to follow normal d|§tr|but|on with the n21ean
integral, we have much less tham;, and the variance close tf = A2,
Consider the evolution of a protein from an ancestral
- . one in timet. The probability density function of the
qd)=(1-q.) f gly)e 1%y +q,, (9) difference vectors between the ancestral protein structure
0 and the resulting protein structure at time= 0 is ap-
proximated by

Ar(K) = ri(K) = 1,(K). (12)

where functiong(y) satisfies conditiondy” “g(y)dy = 1

and J3”yg(y)dy = 1 and has a meaning of probability Ar2
density function of relative (each non-zero eigenvalue is _g A2
divided by the arithmetical mean of all hon-zero eigen- p(Ar,0) = (2mA2) e O (13)

values) non-zero eigenvalues of matrieg&). Compari-
son of Equation (9) with Equation (6) reveals that if |f amino acid substitutions occur in tintgthen the resulting
amino acids are equally changeable, tigrs 1/20 and  sequence diverges from the ancestral one. This divergence
g = p. Therefore under some conditiogs: p and from  causes structural deviations, and the density function
Equations (9) and (1) changes. The normalizing conditigii p(Ar,t)dAr =1
implies that equation of continuity holds fpr= p(Art):
u( d >~q(d)—qoo

1_qoo = 1_qoo ,andqooz_o.

(10) "
i =0, (14)

Thus for small distancesthe fraction of unchanged sites

uis close to the fraction of identical sitgsu=q. If dis ~ wherej is the current density (density passing per unit

larger, theru < g because of back substitutions.df- time through a unit area normal to the direction of flow).

o, thenu - 0 andq - q. = 1/20. If the density is composed dfpoints defined by radius
vectorsAr(k), then these points move in three dimen-
sions in time as soon as the difference vectargk)

RMS Deviation and Evolutionary Distance change. The situation can be treated as a “diffusion” of
points in three-dimensional space. Hor oo, Equation

Consider two homologous proteinsandj of | amino  (14) holds.

acids each. The trace of a spatial structure of a proteinis Assumptions about make it possible to solve Equa-

the set ofl radius vectorg (k) with each vector corre- tion (14) under the initial condition (13) and the bound-

sponding to the ¢ atom of each amino acid. Optimal ary conditionsg§ — O for Ar - o at allt), which lead to

superposition of two structures is given by the minimumthe determination of a density functigi(Ar,t) at any

of the RMS deviatiom;: timet = 0.
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Unlimited Independent Diffusion Assume that the force field is elastic:
The simplest case of diffusion originates from the
assumption that each “point” defined bir(k) moves f=-aAr.a=0. (20)

independently and in any direction with equal probabil-
ity. This assumption leads to the Fick’s law, obeyed for

the simplest diffusion phenomena This assumption results in the normality of the distribu-

tion p(Ar,t) with the variance given by (A2-7) (see Ap-
j = —-Dgradp, (15)  Pendix 2 for derivation). Since the number of substitu-
tions per site is proportional to time: = \t, the current
whereD is a diffusion coefficient which characterizes Model suggests that the RMS deviation between two
how fast the density changes. Substitution of (15) intoStructures as a function afis
(14) leads to the diffusion equation:

0(2
— =DV?, 16 -
at - PvP (16) Ay = \/Ai—mi—AS)e 2 @

which under initial condition (14) has the solution

wherea? = 2D/\. If A2 _ o, then equation (21) trans-

A2 forms into (18). For smald
3 _

p(Ar,t) = (2m(2Dt + Ad)) %

2(2Dt + AD)

a7 A2
Aﬁ:&(l——ﬁ)dwg. (22)

The variance of this distribution is equal tB2+ A3, and A

the RMS deviation squared is close to the variance. Since

the number of substitutions per site is proportional to| jmited Correlated Diffusion

time:d = At, we have the following formula for RMS  The distribution of the difference vectots for two

deviation: structures ofl residues with the distance df substitu-
tions per site between them is normal with zero mean and
Ay =V o’d + A3, (18) varianceAﬁ given by Equation (21). Consider the RMS

deviation squared? = 3}_; Ar2/| for two structures a

wherea? = 2D/\. The parametes? is the mean sum of random variablé?. This random variable is proportional
the square deviations introduced by one amino acid sulto the sum of squares ¢hormally distributed indepen-
stitution. Ford = 1/ (one amino acid out dfis substi- dent random variabledr with the same mean 0 and

tuted), Equation (18) can be transformechfo= 1A7 - varianceA]. The mean value oA? is AZ(d) given by

IA3, whereIAﬁ is the mean sum of the square deviationsEquation (21), and the variance iAi‘j‘Zd)/IJ. The number
between structures differing in one amino acid out,of of residued in a protein is usually large (50 k< 1000).
and|A3Z is the mean sum of square deviations betweerTherefore, the variance of the RMS deviation between
structures of identical proteins dfamino acids. any two proteins with the sante(for example, for iden-
The same Equation as (18) is derived with a slightlytical proteins, wherd = 0) should be small. Analysis of
different consideration by Gutin and Badretdinov (1994).protein structures shows that it is not true, and the RMS
Their work shows that? does not depend on the se- deviations vary substantially with protein pairs (Chotia
guence length nor on the secondary structure class of thend Lesk 1986; Hubbard and Blundell 1987; Flores et al.
protein. One amino acid substitution alters thefsi-  1993). Identical proteins (Table 1 in Flores et al. (1993),
tions of neighboring spatial structure residues, and thédor proteins refined to a resolutia2 A or better only) of
number of these residues as well as their distribution ofiverage length of 60 residues hav@= 0.2 + 0.13. The
deviations are approximately the same for all proteins. model of independent diffusion predicts a value of stan-
dard deviation to b&(2 - 0.%)/(60) = 0.04. The value of
Limited Independent Diffusion 0.13 can be obtained from the modellif= 5. Thus
Consideration in the previous section (Unlimited In- changes in difference vectors are correlated.
dependent Diffusion) implies that diffusion of density is ~ Substitution of one residue should affect the positions
unlimited: ift — o, thenA; — . However, structural of the G, atoms of several residues and not only of the
changes in proteins should be restricted by conservatiogubstituted one. Most of these residues are involved in
of their fold. Assume that it — =, thenA; - A.. A secondary structure. Because the secondary structure it-
force fieldf can be introduced to preserve protein fold. self is not usually altered by substitutions and random
The diffusion flux in a force field is reasons (structure refinement, crystal packing, etc.), a
substituted residue should cause a shift or rotation of the
j = —Dgradp + pf. (19) whole secondary structural element. This phenomenon
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reduces the number of independently diffusing elementselates the fraction of unchanged residues to the distance
from the number of residuégo approximately the num- for the case of amino acid-independent and site-

ber of secondary structure elemests independent substitution rates. This Poisson-correction
Therefore the mean value and the variance of thdormula gives the lower limit of thel estimate. Fof —
RMS deviation squared? are equal to o, Equation (25) transforms to - 1, which is the upper
limit of the d estimate. Thus Formula (25) covers the
a2d range of all possible estimates and could have more gen-
< AZ> = Aﬁ(d) = A2 - (A2 - ADe a2 eral appllcatlon than the gxponent!al approximation (24).
4 Selection of B, B = 1 givesd estimates between the
Var(A?) :M (23) lower (3 = 1) and upper§ — ) limits. One of these
S estimates [in the range of applicability of Formula (24)]

is appropriate for the real case.

respectively. This formula suggests that the error in the To find the density of relative substitution rates (1),
estimation of the mean RMS deviation corresponding toye reverse the Laplace transform in the right part of
a pair of structures withd substitutions per site is equation (25) using the power series €0 (B — 1)/
A;/2\/2/s. Since the average number of secondary(p)e™®/®-Dd < 1 forallg = 1,d = 0):

structural elements in a protein is about $0< 10), the

error in the estimation of RMS deviation is abéutof its ( 1 _"‘_‘3d>
value. Therefore, estimation of the distancefsom the —In

RMS deviation values\; is rather uncertain and is im-
possible to use for accurate tree construction. However, Ing
statistical analysis of data on the correlation of identity 1 &S 1/B-1\k _k'”__‘sld
fraction q between the sequences and the RMS devia- =@ K <T> b
tions A between the structures enables us to validate k=1

Equation (23) and obtain estimates of its parameters.

More importantly, the proposed approach gives a rela € inverse transform of the series in the right part of

tionship between the distanceand identity fractiong, ~ =duation (26) (the density function) is given by the se-

independent of analysis of sequence alignments as well®S:
as an estimate of the distribution of substitution rates

(26)

o

: 1 1/B-1\k InB
among sites. N=z— S = (_) 8<x— k—) 27
P9 %ig 2k p g-1) @7
Distance and Identity Fraction: Empirical Formula whered(x - k (InB)/(B - 1)) are delta-functionsd(x — k

: : (InB)/(B — 1)) =0 for x # k (InB)/(B - 1), but J=*
pcgsé'stizrfohﬁill‘a(lgses) demonstrated that a simple exg. "\ " a7/(5 ~ 1)) dx = 1). Thus the density function
consists of discrete peaks at points k (InB)/(B — 1)
with the “heights” (1)/kInB) (B - 1)/(B))%, k =
1,2,...¢%. ForB = 1 the distribution (27) transforms
into p(xX) = 3(x — 1), which corresponds to the case of
amino acid and site independent substitution rate, that is
equal to the mean substitution rate.
The substitution rate is a continuous variable ranging
J m O to 4o, and the discrete character of distribution
(27) is caused by an empirical exponential formula (24).
The discrete distribution (27) can be approximated by a

AF = ad™?, (24)

wherea andb are best fit coefficients, gives a good fit to
the correlation data of the RMS deviatiay;, and the
identity fractiong. Combination of Equations (24), (21)
and (10) leads (see Appendix 3 for the derivation) to an.
empirical relation between the number of substitution
per sited and the fraction of unchanged sites

continuous one with the same as distribution (27) the
< B-1 _'ﬂ_Bd> first and second moments. U{d) is given by Equation
nl1-2——g 1 (25), then the first two moments of distribution xfire
- p found by applying Equation (2):
u= Ing . (25)
MY =1, andM® = Binp (28)

Therefore, under the present empirical model, only one
parameterf = AZ/A3 is sufficient to define the relation

betweend andu as well as to define the distribution of Two continuous distributions were used previously to
substitution rates among sites. for= 1, Equation (25) approximate the distribution of relative substitution rates,
transforms tou = €9, which is a Poisson-correction namely a gamma distribution (Uzzel and Corbin 1971)
formula (Zuckerkandl and Pauling 1965). This equationand a log-normal distribution (Olsen 1987). The gamma

p-1
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distribution density with the first two moments, given by Table 1. Estimates of parametets, AZ, anda?
(28) is

Estimates
a §) Data from
p(X) = X te®a=1/{——Ip-1].
I'(a) B-1
(29) Hubbard and
Chotia and  Blundell Flores et al.
L . . . . Parameter Theory Lesk (1986) (1987) (1993)
The log-normal distribution density with the first two
moments, given by (28) is AZ 0.16 0.11+x0.02 0.31+0.06 0.34+ 0.06
A2 <25 451+ 055 249010 20.64:1.48
1 a\2 o? 1 1.28+0.35 0.87+0.37 1.22+ 0.44
1 _5 In><+§ BInB 2 2
pX)=—F—e ,a=In——-- (30) IhA:-In4
\/2max B-1 I 1 401:0.73 078011  1.49:0.33
N
Distribution (27) can also be approximated by a histo-
gram:
B-1/B—-1\kK Inp Table 2. Estimates of the best fit parameters to model equations
p(X) =— (—) for (k—0.5 3.1 <
kKng \ B ) Data from
|nB Chotia and Lesk Hubbard and Flores et al.
x<(k+0.5 B_l k=1,2,... (1986) Blundell (1987) (1993)
Expotential Equation (24)
p(x) = 0 elsewhere. (Bl a 0.28+0.12 0.34+0.04 0.17+0.08
b 3.05+ 0.56 2.15+0.14 5.18t 0.55
RMS residual 0.82 0.32 3.37
Parameter Estimation and Discussion Diffusion approximation (33)
o? 1.46+0.26 0.89+0.07 2.67£0.32
; ; 2 2 AZ 3.86+0.41 2.15¢0.07 20.52+ 1.53
The goal is to estimate parametex§ AZ, anda? from RMS residual 0,79 0.32 337

the data on structure comparisons, relatiggand g;;
transform4; into d; using formula (21); transforng
into u; using formula (7); and estimate functiat{u)
from the obtained pairsuf, d;).

The lower limit of the RMS deviation could not be

due pairs); Flores et al. (1993, Fig. 1a, Table 1)] are used.
tructurally equivalent residues in distant proteins are

less than the quantum mechanics limitation and should, . always possible to match because of sequence diver-
be close to the wavelength of the carbon atom: 0.2A. Th&ence and indels in loop regions. Thus the core residues

resolution limit should increase this value. Thus the RMS;, 1\ structures (a subset of sites present in both struc-

deviation betwe.en. independently refined structqres Oiures that could be superimposed) are defined, and the
the same.protem is expected to be close to twice th‘:r'?MS deviation of residues in this subset, rather than in
lowest limit: A, = 0'4',&', L the whole structure, is calculated. Formulas derived
Th_e mean upper limit of the RMS deviation b'atweenabove could be applied to any subset of the residues and
i o Thot necessarily to the whole structures. Because of dif-
one a-helix turn or ana-helix width: A, < 5A. ferences in subset definitions in the three works (Chotia

The change in ¢ positions introduced by a single ., o5k 1986; Hubbard and Blundell 1987; Flores et al.
amino acid substitutiom is expected to be close to 1/2 993), parameterd? A2, and o? are estimated from

of the mean difference in length between side chains of ;" qataset individually argl. = 0.05 is assumed.

the original and the substituted amino acids. The longest Independent of the relation betwegandg, estimates

side chain (Arg) is about 7A and the shortest one (Gly),¢ AZ A2 anda? are obtained from the data on correla-

is OA. Assuming uniform dlstrlbutlop of (jlﬁerences OVer 4ion of g andA (points @, A)) as follows:

the interval from OA to 7A, the estimation of the mean

difference as a standard deviation of the distribution is 7/

\/1_2 = 2. Thereforen = o? = 1. e AZis estimated as an arithmetical mean of the squares
To obtain more precise estimates, data on the analysis of the RMS deviations for identical proteins;

of the correlation of the identity fractiopand the RMS e AZ is estimated as the value of the RMS deviation

deviationA, made by three independent research groups squared foig = 0.05: the best linear fit to the points,

[Chotia and Lesk (1986, Table 2); Hubbard and Blundell corresponding to identity fraction 0.4 and lower (fit in

(1987, Table 2, data on all topologically equivalent resi- a formA? = a(q — 0.05) +A2);
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d 3 1 2
70
6.5 [
6.0 |
55 b
5.0 b
as|:
40|
35 F
30F
i Fig. 1. Number of substitutions per sitk
25 L as a function of the fraction of unchanged
sitesu. Transformed with Equations (21)
and (7) grouped data on correlation of
2.0 RMS deviation (\) and identity fraction
(q) are the data of] = Chotia and Lesk
15k (1986); O = Hubbard and Blundel (1987);
andV = Flores et al. (1993). The thick
curve (curve 1) represents Equation (34)
L0 - with the most probabl@ value of 10 and
the thin curve (curve 2) is for equatiah
0.5 = 1/u - 1 (Grishin, 1995). The dashed
curve (curve 3) corresponds to the
0.0 Poisson-correction formuld = —Inu
T [Equation (34) with3 = 1]. The inset
0.0 shows grouped untransformed data. The
dashed curves are the best fit exponential
u curves (24) with parameters from Table 2.
® o? =-1/(1- A2/A3) dA%/dg, where d\?/dq is esti- - 1/A2) estimates, but the data of Chotia and Lesk

mated as the best fit slope of the linear equat\dn-  (1986) deviate.

A3 =dA?/dq (q - 1) to the points corresponding to the  To test the applicability of Equation (21), which is
identity fraction 0.55 (0.65 for the data of Flores et al. derived under the assumption of limited diffusion, to the
1993) and higher. Identical proteins are excluded fromthree datasets (Chotia and Lesk 1986; Hubbard and
the fit since they were used fax3 estimation. Only  Blundell 1987; Flores et al. 1993), the equation

dA?/dq is fitted and estimated before value Af is

used. These estimates are placed in Table 1. The dif- od) -q. d \ 1 -
ference in the definitions of topologically equivalent 1-q. 1= 0./ d ' (32)
residue pairs should mostly influence the value\af 1-q, +1

and the data in Table 1 illustrate this point.
relating the distance and identity fraction (Grishin 1995)

To test the applicability of exponential approximation iS used. Substitution of (32) into (21) leads to
(24) to each of the three datasets, the value of H(1

0.) (INA2 -InA2)/(1/A% - 1/A2) is calculated. If the _o? g1
exponential formula (24) approximates the data, then AZ=AZ-(A2-Ade &% T* (33)
from equation (A3-7, Appendix 3)°=1/(1-q.) (InA2

-INA3)/(1/A3 - 1/A2). The two best fit parameterd? and o of Equation

The Hubbard and Blundell (1987) and Flores et al.(33) (A3 is estimated as an arithmetical mean of squares
(1993) data demonstrate statistically insignificant differ-of RMS deviations for identical proteins), and the two
ences between? and 1/(1- g.) (INAZ -InA%)/(1/A3  best fit parametera andb of exponential approximation



366

1.6 -,
!
I
p(x) 1
1
]
14 4,
1
1
1
]
]
1241
)
|
|
104 |
]
1
J
0.8 -
\
\
\
\
\
0.6 - v
h
\
\
\
\
A Y
0.4 - I
N
N
R Fig. 2. Distribution of relative
0.2 = substitution rated/\ over sites. Histogram
N is an Equation (31) approximation of
= S S density (27) forg = 10. The thick curve
T P—= corresponds to log-normal density (30) and
the dashed curve is a gamma density
00—+ 77— approximation (29). For all curve = 10.
0.0 0.5 1.0 1.5 2.0 25 3.0 The thin curve represents exponential

b distributionp(x) = €™

(24) for the data of Chotia, Hubbard, and Flores areviation for a given identity fraction has a large variance
presented in Table 2 (identity fraction between the twoand the three datasets have an unequal number of data
infinitely distant sequencesl (- «) is assumed to bq,  points, the data in each data set were grouped into 12
= 0.05). The RMS residuals for the Equation (33) fit areinterval of an identity fraction. For each interval the
the same (or smaller for data of Chotia and Lesk 1986) asnean RMS deviation squared for points falling into this
for the exponential fit (24), validating to a certain extent interval was attributed to the mean value of the identity
the applicability of the theoretical considerations thatfraction of these points (inset in Fig. 1, two data points,
lead to Equation (21). corresponding to identity fractions 0.175 and 0.109 from
The values ofA3, AZ, anda® depend on the definition  Flores et al. (1993) were excluded from the further analy-
of topolically equivalent residue pairs, but the relation- sjs as outliers). RMS deviatiors obtained by grouping
ship betweerd estimated fromA with the formula (21)  were transformed to distanceswith the formula (21)
and g should not depend on this definition. Therefore, using the estimates &3, AZ, anda? (Table 1). Identity
the three data sets for the estimation of the distribution Ofractionsq were transformed to fractions of unchanged
substitution rates can be combined. Since the RMS desjtesu with the formula (7). The distancebwere plotted
against the fractions of unchanged siteim Fig. 1. The
relation between transformed data ¢) (Fig. 1) depends

3 Complication arises from the fact, that definitions of the subset de-
pend on the identity between sequences. For identical proteins all resi-
dues are included and for distant ones only 50% of residues with
smallest deviations are used. That underestimates RMS deviation fdt The intervals werg = 0-0.15; 0.16-0.2; 0.21-0.25; 0.26-0.3; 6.1
pairs with lower identity fraction. (n-0.9)-0.1« n, n = 4,5, 6, 7, 8, 9; 0.91-0.99; and 1.
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on the data set much less than the relation between theefinition of topologically equivalent residue pairs, and
untransformed datay(A) (inset in Fig. 1). Transformed the value of = AZ/AZ is estimated to be equal to
datapoints {, d) were fitted to equation (25) in a form: 10 + 1.

—_ —u
d=- In -1 1-87) (34) thorough inspection of the manuscript and a number of helpful sug-
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Appendix 1. Symbol Definitions

t = time,t=0;
d = distance between two sequencesz 0;
u = fraction of unchanged sites in two sequences; O
=1,
p fraction of sites, occupied by different residues in two
sequences, & p < 1;
g = fraction of identical sites in two sequences= 1 -
p;
0. = mean fraction of identical residues between two
infinitely distant @ - «) sequences with the same
fold, 0 <q,. < 1;
| = number of sites in a protein,> O;
s = number of secondary structure elements in a protein, 0
<s<l|
N = substitution rateh = 0;
X = mean substitution raté, > 0;
X = relative substitution rates = M/X;
X = 20 x 20 matrix of relative substitution rates;
¢ = eigenvalue ofX, £ < 0;
p(X) probability density function of relative substitution
rates;
MM = " moment ofp(x);
A = RMS deviation between two structures,= 0;
A, = mean RMS deviation between independently refined
structures of the same proteifyy = 0O;
A, = mean RMS deviation between structures of two
infinitely distant @ — <) proteins with the same fold,
A, = A,
o«? = mean sum of square deviations introduced by a single
amino acid substitution;
r(k) radius vector of a sit& in a spatial structure;
Ar = difference vector;
p(Ar,t) = probability density function of difference vectors;
p(A% d) = probability density function of RMS deviations
squared;
D = diffusion coefficient;
j = diffusion flux;
f = force;
B = parameter, that is close t2/A2, B = 1;
vy = parametery = a?/AZ;
I'ly) = gamma function;

y is a real variableg(y), v(x,t) are real functionsx is a
3-dimensional vectorg, b, c,andt are real numbers, j, andk are
integers;

denotes scalar product

Appendix 2

The diffusion flux in an elastic force field [substitute (20) into (19)] is

j = — Dgradp — aArp, a= 0. (A2-1)

The diffusion equation changes (substitute (A2-1) into (14)) to

ap _ 2
i DV<p + agradp - Ar + 3ap. (A2-2)
The change of variables
-1
p(Ar,t) = e3a‘v< e*Ar, ) (A2-3)

wherev = v(x,7) is a new functionx is an arbitrary 3-dimensional
vector, andr = 0, leads to the standard diffusion equation

v
— =DV,

e (A2-4)

where all derivatives are computed at the point

at _
2a

(e 57
e™Ar, )

From (A2-3) ift = 0, thenv(x,0) = p(Ar,0). Solution of the diffusion
equation (A2-4) under the initial condition (13) is

2

3 X

T2 T A2-5
V(x,7) = (2m(2D7 + A2)) g 2@0raf) (A2-5)
which can be converted using (A2-3) to
3 Ar2
2 T A2-6
p(Ar,1) = (2mA%(D) Ze 2%, (A2-6)
where
2D
e D
Aq )= A2 - (A2 - Ade 2=, AZ= 3 (A2-7)
Appendix 3
Combination of Equations (24) and (21) leads to
0(2
2 (A3-1)

-—d
adP™ @ =A% — (A2 - Ad)e A=,

Coefficientsa andb could be expressed in terms &%, A2, o2 1f d =
0, thenq = 1 and from (A3-1)

a=Aj, (A3-2)
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Differentiating Equation (A3-1) with respect thgives and
a OLZ
N AZ\ —Zd y=—
_apdla T _ 2 429 ), a2 ) 2
abe’ el (1 e (A3-3) AZ
transform equation (A3-5) to
Combining Equations (5), (A3-2) and (A3-3) fdr= 0 (g = 1) yields
-1
o2 [ A2 |nB+|n<l—BB e'“’d>
== |(=-1). A3-4 -q= A3-6
Ai(AS ) B34 1-a NEEETR (A3-9)
Substituting (A3-4) and (A3-2) into (A3-1) gives If d - +o0, thenq - .. and equation (A3-6) can be transformed to
W2 /a2 2 1 InB
—2<A—°2°-1><1—q) A2 <A2 > -Za Y ITqB-1 (A3-7)
A2\ a3 ==z (Z2-1)e 2% | (A3-5) N
A5 \4g
Substitution of (A3-7) into (A3-6) with the help of (10) leads to
Designating
Ing
B-1 51
A2 —In 1—Te
B=—p=1 u= . (A3-8)

A InB



